In the 1920s, Hencky proposed a discrete elastica model describing a chain of identical rigid bars connected by torsional springs. Hencky observed that this discrete elastica model converges to Euler's elastica as the number of bars increases while their lengths decrease, and Hencky's bar-chain model has been used primarily as an approximation of Euler's elastica. A Hencky-type bar-chain model can also be incorporated into a Frenkel-Kontorova-type discrete atomistic model, where the joints and bars represent the atoms and interatomic bonds, respectively, while the entire chain of atoms interacts with either a substrate or other chains. The energy of a continuum system corresponding to this Frenkel-Kontorova-type model can then be recovered by taking an appropriate discrete-to-continuum limit. Developing a correct limiting procedure for the discrete elastica establishes the bending component of this continuum energy. In this paper we use -convergence to rigorously show that as the bar length in the discrete elastica model we consider goes to 0, the bending energies of the chain -converge to the continuum bending energy associated with Euler's elastica.
Introduction
Euler's elastica is a smooth planar curve of prescribed length that represents a solution to the variational problem of minimizing the bending energy of a thin inextensible rod [1] . Here the bending energy of the rod is the integral of the squared curvature. In 1920, Hencky developed a bar-chain model, a discrete analog of the elastica composed of rigid bars of equal length connected by frictionless hinges and torsional springs. The bar-chain system described by Hencky's model has been viewed as a physical structure corresponding to a finite difference approximation of the elastica equation. Hencky's bar-chain model has been used to study buckling and vibration of beams and rods [2] [3] [4] [5] [6] .
As an alternative point of view, one may propose a bar-chain model like Hencky's to represent an atomistic or discrete system. From this discrete representation, an upscaling procedure can then yield a continuum model of the system. More specifically, one can assume that the hinges and rigid bars of Hencky's model correspond to atoms and strong interatomic bonds, respectively. The torsional springs then penalize for deflections of bond angles from some equilibrium state. Hence, at a given atom, the bending energy is a function of the angle between the adjacent bonds that meet at that atom. The total bending energy of this Hencky-type chain is the sum of contributions from each atom. This atomistic bending energy can then be upscaled, and the resulting continuum bending energy should be the same as that of Euler's elastica.
Recently, several authors have considered Frenkel-Kontorova models that include interacting Hencky-type chains of atoms. In particular, in [7] , the authors apply formal atomistic-to-continuum techniques to derive a continuum model that explains polygonization in multi-walled carbon nanotubes. Their model is derived by upscaling two one-dimensional atomistic chains that represent the cross-section of a double-walled nanotube. Nearby atoms in different chains are assumed to interact via a van der Waals potential for non-bonded atoms. The upscaled continuum energy is an expansion in terms of a small parameter related to the interatomic length. The coefficients of this expansion are given by the elastica bending energy and the integral of the potential energy that emerges by upscaling the non-bonded interactions. Mathematically, the discrete-to-continuum procedure corresponds to obtaining a so-called -expansion [8] of the limit of the sequence of discrete energies. Rigorously justifying that Euler's elastica is indeed the limit of the bending energies constitutes a part of this asymptotic procedure. A similar discrete model was recently used in [9] to demonstrate numerically that the spontaneous atomicscale relaxation of free-standing systems of incommensurate van der Waals bilayers leads to a simultaneous long-range rippling of the bilayer system.
In this paper, we use -convergence [10] to rigorously justify that the discrete bending energy of a chain converges to the elastica energy when the number of bars in the chain increases while their lengths decrease. The results we present provide a rigorous foundation for a discrete-to-continuum limit of the bending energy in various models that include Hencky-type chains of atoms. Though our proof is a straightforward application of the ideas in [10] , the geometric constraints give rise to certain technical difficulties that must be addressed. The principal aim of the present contribution is to prove a commonly used, simple, but non-trivial result that appears to be unavailable in the literature.
Our work is related to that of Bruckstein et al. [11] and Iglesias and Bruckstein [12] , who studied discrete approximations of the classical elastica model motivated by problems in image processing. In [11, 12] , the discrete energies were defined on piecewise-affine curves and assumed to depend on the exterior angles between the straight segments of the curve. The authors considered -convergence for several related families of discrete energy functionals defined on the space of rectifiable planar curves of finite total absolute curvature. The convergence in the space of rectifiable curves was defined in the sense of Fréchet distance. An advantage of working in the space of rectifiable curves of finite total absolute curvature is that it contains both smooth and piecewise-affine curves. The limiting energy functionals in [11, 12] are essentially the L α -norm of the curvature, where α ≥ 1.
The main distinguishing feature between the motivation in this paper and that in [11, 12] is that we are approximating a discrete chain of atoms by a continuum curve, while in [11, 12] the goal is to approximate a continuum curve by a polygon. As a result, our discrete model is determined by the physics of the problem, while in [11, 12] the discrete framework is determined by the convenience of the approximation. In a nondimensional setting, our model consists of a chain of atoms in which all links connecting the atoms have equal length ε > 0 while the total length of the chain is 1. One may think of this chain as a polygon in the plane. The parameter ε representing the interatomic bond length is assumed to be small. Here we assume that the chain is closed (cf. [7] ). This assumption, however, is not essential to our analysis and can easily be removed. As ε → 0, the corresponding chains converge to a curve on the plane that is a continuum description of a cross-section of the nanotube.
Instead of working with curves directly, as in [11, 12] , we represent each arc-length-parameterized curve by its corresponding angle function. A discrete atomic chain then is described by a piecewise-constant function whose values are the angles between the links of the chain and the x-axis. The angles remain constant on each successive subinterval of the length ε of [0, 1]. To pass from the discrete to a continuum description, we assume that as ε → 0, the sequence of angle functions converges in an appropriate sense to a limiting function defined on [0, 1]. We define the bending energy of the chain as a function of the angles between the adjacent links of the chain and thus of the increments of the angle function. In the limit ε → 0, the bending energy becomes a function of the derivative of the limiting angle function. Then, if we expect that the bending energy reduces to Euler's elastica as ε → 0, the limiting angle function must have a square integrable derivative. From this we would conclude that the limiting angle function is smoother than the discrete angle functions that converge to it.
To prove -convergence of the discrete bending energies to Euler's elastica, we follow the strategy employed in [10] and replace the piecewise-constant functions with auxiliary piecewise-affine functions that have the same discrete-level energy and that belong to the same space as the limiting angle function. The principal difficulty in proving -convergence is the construction of the recovery sequence of the angle functions. In particular, here we need to design a recovery sequence that satisfies the constraints that the piecewise-affine curves must be closed and have unit length. Because of the length constraint our construction is more complicated than its analog in [11, 12] .
This paper is organized as follows. In Section 2, we formulate our discrete model of the bending energy of an atomistic chain. The following section introduces the continuum analog of this discrete model and sets up the appropriate function spaces for our -convergence result. Section 4 contains this result, Theorem 1, and its proof.
Discrete formulation
Given a small ε > 0 such that
as a chain C ε . As Figure 1 shows, C ε can be associated with a piecewise-affine curve C ε in R 2 by connecting the consecutive points in r ε i N ε i=1 . This piecewise-affine curve has length 1. Notice that we use superscript ε for the discrete chain and subscript ε for the associated curve.
For notational convenience in what follows, we definer ε 0 :=r ε N ε andr ε N ε +1 :=r ε 1 . Given a chain C ε , we can choose a collection of angles θ ε i that satisfȳ
and that satisfy θ ε i − θ ε i−1 ∈ (−π, π) for every i = 1, . . . , N ε . (We can make the choice of θ ε i for i = 0, . . . , N ε unique by also requiring that, say, θ ε 1 ∈ (−π, π].) As a consequence θ ε 0 = θ ε N ε − 2kπ for some integer k, even though θ ε 0 and θ ε N ε are angles that both correspond to the vectorr ε 1 −r ε N ε . Based on the geometry of our problem, we shall consider only chains for which k = 1 (if k ≥ 2 the piecewise-affine curve C ε must self-intersect).
In what follows, we denote a vector of angles associated with a chain by ε :
Note that, for a given ε, there is a one-to-one correspondence between ε and C ε , up to a rigid rotation and translation of C ε in R 2 .
Next we define the energy E ε [C ε ] of a chain C ε . Initially we express this energy in terms of the position vectors for points on the chain. We then rewrite the energy in terms of angles, from which it is clear that the energy penalizes the chain for bending. We define
where the function f :
We can rewrite the energy functional (3) in terms of angles
To simplify the notation, we introduce the function ψ : (−π, π) → R as ψ(θ) := f (cos(θ)).
By (4) ψ is an infinitely differentiable even function on (−π, π) satisfying
We next set
The admissible set of angles T N ε is defined by
Here for ε ∈ T N ε , we define θ ε 0 = θ ε N ε − 2π, which we need to compute the right-hand side of (8) . We now consider the discrete minimization problem ε min = arg min
Although the geometry of our problem demands that the piecewise-affine curve C ε associated with ε must not be self-intersecting, we do not impose a corresponding condition on the members of T N ε . Indeed, since we are interested in minimizers of E ε [ ε ] over the physically relevant admissible set
The problem (10) has a (unique) solution that corresponds to a non-self-intersecting curve in
The chain corresponding to˜ ε , which we denote byC ε , is the set of vertices for a regular N ε -sided convex polygonC ε in R 2 . It can be easily verified that˜ ε ∈ T N ε and
Furthermore, we have the following proposition.
Proposition 1.
There exists an ε 0 > 0 such that˜ ε is a minimizer of E ε over T N ε when ε < ε 0 .
Proof. By (6) we can choose δ > 0 such that the function ψ is convex on the interval (−δ, δ). Suppose that M ≥ ψ ε (2π) and consider an arbitrary
and by (4) and (6) it follows that
for every i = 1, . . . , N ε uniformly in ε when ε < ε 0 and ε 0 is sufficiently small. Using the discrete version of Jensen's inequality, we have
for any ε ∈ T N ε as long as ε < ε 0 . We conclude that the minimum of E ε is achieved at˜ ε .
Continuum formulation
To motivate the subsequent developments, observe that (6), (11) , and the smallness of ε give
by a Taylor expansion. It follows that
and therefore inf
for some C > 0 uniformly in ε when ε is small enough. As noted in the previous section, the curveC ε associated with the minimizer˜ ε is a regular N ε -sided convex polygon in R 2 . When ε → 0, the number of sides N ε = 1/ε → ∞ while the total perimeter of the polygon remains equal to εN ε = 1. The sequence C ε ε>0 thus converges (uniformly) to a circle C 0 of radius 1 2π when ε → 0. Based on (13), it seems natural to associate to this limiting circle C 0 the energy E 0 [C 0 ] := 2π 2 ψ (0). Further, given an arbitrary, smooth, simple curve C ⊂ R 2 such that there exists a sequence of piecewiseaffine curves C ε (which corresponds to a sequence of chains C ε ) converging to C, it might be tempting to extend the notion of energy to C by defining E 0 [C] := lim ε→0 E ε [C ε ]. However, a priori it is not clear that this limit exists or if its value is the same for all sequences of chains converging to C. In addition, if the notion of the limiting energy for curves can be made precise, it would be desirable that minimizers of the discrete problem ε min = arg min ε ∈T Nε E ε [ ε ] for chains converge to minimizers of the limiting energy E 0 over an appropriate function space. The established framework to study convergence of energies that preserves the variational structure of the discrete problem is that of -convergence, which we consider next.
Before proving -convergence, we need to select a common function space that contains both the discrete chains C ε and the limiting curves. Note first that, since the limiting energy should correspond to Euler's elastica, the curvature of a limiting curve C must be square integrable, in other words, the angle function for C must be an element of the Sobolev space H 1 ([0, 1]). Our goal is to show that the Euler's elastica energy of a closed curve with an angle function in H 1 ([0, 1]) is the limit of the discrete energies of a sequence of chains. However, the angle function for a chain is a step function and hence is not in H 1 ([0, 1]). To put our construction into the framework of -convergence, we use the idea of [10] and replace a sequence of piecewise-constant angle functions for chains by a sequence of piecewise-affine functions in H 1 ([0, 1]). We then introduce an energy functional defined over the piecewise-affine functions so that, for each ε, the new energy of each piecewiseaffine function is the same as the old discrete energy of a corresponding chain. This yields a sequence of affine functions in H 1 ([0, 1]). Note that the affine functions considered below do not need to correspond to a closed curve on the plane and are not required to have length one. The physically relevant geometric constraints are imposed only on the piecewise-constant angle functions for the discrete chains and on the limiting angle function.
To make these ideas more precise, consider a partition of the interval [0, 1] by the points {0, ε/2, 3ε/2, . . . , 1 − ε/2, 1} and denote byÃ ε (0, 1) ⊂ C([0, 1]) the set of functions affine on each subinterval of this partition. From now on, we will identify with a vector ε ∈ T N ε a piecewise-affine function θ ε ∈Ã ε (0, 1) given by
for i = 1, . . . , N ε and
so that θ ε (1) = θ ε (0) + 2π. We use (16), (17) and the definition of T N ε to define the admissible set of functions A ε (0, 1) := θ ∈Ã ε (0, 1) :
Note that for θ ε ∈ A ε (0, 1) we have
for all s ∈ [0, 1], where θ ε i = θ ε ((2i − 1)ε/2) for i = 1, . . . , N ε . It follows from (19) that
for every θ ε ∈ A ε (0, 1), where θ ε 0 = θ ε N ε − 2π. If we define the functional F ε : H 1 ([0, 1]; R) →R by
for every ε > 0, then (20) implies that
whenever θ ε ∈ A ε (0, 1), where ε ∈ R N ε is the vector corresponding to θ ε . The discrete minimization problem (10) has an associated continuum minimization problem θ ε,min = arg min
Because the functionals {F ε } ε>0 in (23) are all defined on the same space H 1 ([0, 1]) , an asymptotic limit of {F ε } ε>0 can be studied using -convergence.
The -limit
In this section we state and prove the asymptotic limit of the sequence of continuum energies {F ε } ε>0 . We state two lemmas, whose proofs are in Appendices 1 and 2. The first lemma shows that the constraints imposed on the piecewise-constant angle functions are preserved under the weak-H 1 convergence.
If there is a sequence {ε n } of positive numbers such that lim n→∞ ε n = 0 and θ ε n ∈ A ε n (0, 1) for all n, then The second lemma establishes that any function in H 1 ([0, 1]) satisfying (24) can be approximated by a twice continuously differentiable function on [0, 1] that also satisfies (24). Then -lim ε→0 F ε = E 0 in the weak topology of H 1 ([0, 1] ), that is,
Note that the last assertion of the theorem also tells us that, if there is a sequence of chains { ε } ε>0 that satisfies a uniform energy bound E ε [ ε ] < C, then there is a subsequence of the corresponding affine angle functions {θ ε j } such that θ ε j H 1 θ as ε j → 0 for some θ ∈ H 1 ([0, 1]). One can easily check that the sequence of piecewise-constant angle functions with values given by { ε } ε>0 converges to the same θ strongly in L 2 ([0, 1]).
Proof.
We begin by proving the final statement of the theorem. In what follows C denotes a generic positive constant. Suppose that a sequence {θ ε } ε>0 ⊂ H 1 ([0, 1]) satisfies a uniform energy bound F ε [θ ε ] < C. Then (21) implies that θ ε ∈ A ε (0, 1) so that θ ε is piecewise-affine for every ε. By (20) and the definition (7) of ψ ε , we have
Because ψ(0) = 0 is the unique global minimum of ψ, the previous estimate implies
By an argument similar to that which led to (12) , we obtain
This along with (6) enables us to conclude that
for all i = 1, . . . , N ε and some C > 0 when ε is sufficiently small. This yields the inequality
Because we can always assume that θ ε (0) ∈ [−π, π], the boundedness and hence the weak compactness of {θ ε } ε>0 in H 1 ([0, 1]) now follow from the Poincaré inequality in one dimension. We now proceed with proving -convergence.
Proof of (a): Construction of the recovery sequence. Let θ ∈ H 1 ([0, 1]). Suppose θ / ∈ H 1 c ([0, 1]), so that E 0 [θ] = ∞. We define a constant sequence by setting θ ε = θ for all ε. If θ ε ∈ A ε (0, 1) for arbitrarily small ε, then Lemma 1 would imply that θ ∈ H 1 c ([0, 1]). So there is anε > 0 such that θ = θ ε / ∈ A ε (0, 1) and hence F ε [θ ε ] = ∞ for all 0 < ε ≤ε.
We assume now that θ ∈ H 1 c ([0, 1]). By Lemma 2, we can assume as well that θ ∈ C 2 ([0, 1]). Working with a smooth function will allow us to bound first and second derivatives of θ uniformly on [0, 1], which we need to do for several later estimates. Recall that in what follows ε > 0 is such that N ε = 1/ε is in N. We divide the rest of the proof of (a) into several steps.
Step 1: Letr denote the curve whose angle function is θ. We construct a chain with N ε sides that is uniformly close tor. Later we shall demonstrate that the corresponding affine function-which has the same energy as the discrete energy of the chain-approximates θ in H 1 ([0, 1] ).
Sincer and any admissible chains have length 1, we cannot inscribe an admissible chain inr. Instead, for h > 0 we define the "inflated" curver h (s) =r(s) + hN(s), whereN denotes the (outward) normal to the curvē r (see Figure 2 ). The length ofr h is 1 + 2πh. Given ε sufficiently small, it is clear that there exists an h such that we can inscribe a chain with N ε sides each of length ε inr h . So there exists 1 , . . . ,s N ε ∈ [0, 1] such that {r h (s i )} N ε i=1 is a chain. Without loss of generality we can assume thats 1 = 0. We let¯ ε := θ 1 , . . . ,θ N ε ∈ R N ε denote the vector of angles associated with the chain (see (1) ). Then ε ∈ T N ε and has a discrete energy E ε [¯ ε ] defined by (8) . By (15) we construct a piecewise-affine function θ ε such that F ε [θ ε ] = E ε [¯ ε ]. Our goal is to show thatθ ε is close to θ in H 1 ([0, 1]) and that F ε [θ ε ] is close to E 0 [θ].
Step 2: We derive two preliminary estimates We begin with an initial estimate ons i+1 −s i . To attain this, we define F(σ ) := |r h (σ ) −r h (s i )|. One can check that F σ (s i ) = 1 + hθ (s i ) and that F σ σ (s i ) = hθ (s i ). Because F σ (s i ) = 0 for h sufficiently small, the equation
so that
Hence
Because σ (0) =s i and σ (ε) =s i+1 , (31) implies that
Building on (32), we have
Now, returning to (32) and using h = O(ε 2 ) implies (27) 1 .
Next we show (27) 2 . Note thatθ i − θ(s i + ε/2) is the angle between the vectors ε −1 (r h (s i+1 ) −r h (s i )) and r h (s i + ε/2) (see Figure 2 ). We can writē
where we have used (27) 1 . Likewise, we can writē
From (34) and (35), we see thatr
where the leading-order term on the right-hand side is a unit vector. The largest angle betweenr h (s i + ε/2) and ε −1 (r h (s i+1 ) −r h (s i )) for a small fixed magnitude of their difference is achieved when this difference is perpendicular to ε −1 (r h (s i+1 ) −r h (s i )). It then immediately follows thatθ i − θ(s i + ε/2) = O(ε 2 ).
Step 3: We now use the estimates (27) to show that (i) the piecewise-affine functionθ ε constructed at the end of Step 1 is close to θ in H 1 ([0, 1]) and (ii) the energy F ε [θ ε ] is close to E 0 [θ].
(i) First we demonstrate thatθ ε is close to θ in H 1 ([0, 1]). We have
To estimate the right-hand side of (37), recall thatr h (s i ), i = 1, . . . , N ε , denote the vertices of the chain inscribed into the inflated curver h . We observe that 
We need an estimate like (40) for the first and third terms on the right-hand side of (37). However, both the curver and the associated chain constructed in Step 1 are closed in the plane, hence their parameterizations can be extended periodically with period 1 to R. Selecting a different vertex in the chain to correspond to s = 0 is equivalent to translating the parameterization by a number less than 1. In this case, the first and the third integrals in (37) become one of the integrals in the sum in the middle term. Thus the first and the third integrals in (37) together admit the same O(ε 3 )-estimate as in (40).
Returning to (37), we conclude that 
Estimating the right-hand side in (42) can be done in a way similar to the estimates that led from (37) to (41) and demonstrates that
Proof of (b): Lower semicontinuity. We suppose θ ∈ H 1 ([0, 1]), {θ ε } ⊂ H 1 ([0, 1]), and θ ε θ in H 1 ([0, 1]). We show that lim inf ε→0 F ε [θ ε ] ≥ E 0 [θ].
If θ / ∈ H 1 c ([0, 1]), then by Lemma 1 there is anε > 0 such that θ ε / ∈ A ε (0, 1) and hence F ε [θ ε ] = ∞ for all 0 < ε ≤ε. So we assume that θ ∈ H 1 c ([0, 1]). We can further assume that θ ε ∈ A ε (0, 1) for all ε > 0. Because {θ ε } converges weakly in H 1 ([0, 1]), {θ ε } is bounded in L 2 ([0, 1]). Using (19), we see that there is a constant C such that for j = 1, . . . , N ε
(recall that θ ε i = θ ε ((2i − 1)ε/2) for i = 1, . . . , N ε and that θ ε 0 = θ ε N ε − 2π). It follows that εθ ε ≤ (Cε) 1/2 uniformly in s. Therefore 
where the last inequality follows from the weak lower semicontinuity of the L 2 norm.
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